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Calculus of multivariable functions 
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Definition 1 talks about functions of n independent variables, and Definition 2 the partial 
derivatives of these. In Theorem 1 we have the product rule, in Theorem 2 the quotient rule, and 
in Theorem 3 the generalised power function rule. 


Definition 1. A function y = f(a1,...,2,) is called a function of n independent variables if 
there exists one and only one value of y in the range of f for each tuple of real number (21,...,2n) 
in the domain of f. Here y is called the dependent variable while x;, i =1,...,n, the independent 
variables. 


8 


The word tuple in Definition 1 means an ordered list. It is also known as n-tuple, where n is 
the size of the list. 


Definition 2. Let a multivariable function be y = f(#1,...,a,). The partial derivative of y with 
respect to x;, where 1 <7 <n, is a measure of the instantaneous rate of change of y with respect 
to 2; while x; is held constant for all 7 4 i, where 1 < j <n. This partial derivative is defined as 


Oy i f(...,0; + Aai,...) — f(@1,...,2n) 
Ox; 7 Az;—0 Ax; 
and can be written in either one of the following forms. 
Oy of 
ae Ox,” fo; (a1, See4 ,2n); fo; OF Ya; 
8 
Theorem 1. Let z= g(2,y)-h(z,y). Then, 
Oz Oh Og 
+h- 
dz © Ox Ox 
a dh, a 
a g- Bore 
Oy Oy Oy 
8 
Theorem 2. Let z= oa, and h(x, y) #0. Then, 
Oz 2 h- ge —g- gh 
Ox h? 
aad a dh 
Oz a h- a TB" By 
Oy h? 
8 
Theorem 3. Let z= [g(z,y)|". Then, 
Oz n-1 Og 
an? 
and 5 5 
ge = ng! “ a) 
Oy Oy 
8 
Exercise 1. Find the first-order partial derivatives of the following: 
1. c= 100(1+e71 2) 2. q=5I°7K93 — 41 -3k +10 3. q=In3x+2rIny 
4.z2=e0(1+yt+y") 5. p= 150"? 6. q=Inz+Iny 
Tz=e4a?+2r42rytay 8 z2z=x7y° Og Qn 
10. u= 8x8 y3 11. z=ay+ 4 12. w= T7I"k* 
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In Definition 3 we find the meaning of second-order partial derivatives. Theorem 4 is about 
critical points, and Procedure 1 is a procedure for determining critical points. 
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Definition 3. Let z= f(x,y). Then, the second-order direct partial derivatives are 
ONO), ae Sees 
Ox \ Ox Oy \ Oy 


Oz Oz 


These are also written 


Tey (Ee )ns a2 and respectively fyy, (fy)y, Oye 
The cross partial derivatives are 
O (Oz O (Oz 
ay (oe) ae (35) 
These are also written as 
2 2 
Lape (tay = and respectively fyz, (fy), = 
8 
Exercise 2. Find the second-order partial derivatives of the following: 
L-g=o + ay 2 Pale =A L0H T= 8k) aoe Soey* 
4.c=100(11+e°!4) 5. qg=Inz+Iny 6. q = 51°-44K9-2 + 50 — 71 — 5k 
(as tS hu 8 q=Inde¢+alny 9. p = 110e°-87 
10.z=ayt+ $¢ 11. u=10x+y* 12.z=e(1+yt+y?%) 
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When the second derivative is negative, the curve is concave towards the origin. 


Theorem 4. For a multivariable function z = f(x,y) to be a relative maximum at (a,b) neces- 
sarily f,,f, = 0, and fez, fyy < 0 and fez -fyy > (fg) at that point. For the same at the same to be 
a relative minimum, necessarily f,,f, = 0, and fr», fyy > 0 and fyx -fyy > (fry)? there. Moreover, 
an inflection point is a point (a,b) at which fy. - fy < (fry)?, and both f,. and f,, have the same 
sign. On the other hand, a saddle point is a point (a,b) at which fyx + fyy < (fry)*, but fre and fyy 
are of different signs. 
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Procedure 1 Procedure for determining a critical point of a function with two independent 
variables 


Given z = f(x,y) and a point (a,b), at this point, 
if f, = 0 and f, =0 then 
(a, b) is a critical point 
if fix -fyy > (fey)? then 
if fr~ <0 and fy, <0 then 
(a,b) is a relative maximum of z 
elseif f,, > 0 and fy, > 0 then 
(a,b) is a relative minimum of z 
else { 
endif 
elseif f,... -fyy < (fry)? then 
if f,.-fyy > 0 then 
(a,b) is an inflection point 
elseif frz - fyy <0 then 
(a,b) is a saddle point 
else { 
endif 
else 
test inconclusive 
endif 
else 
(a,b) is no critical point 
endif 
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Problem 1. There are two dead ends in Procedure 1. The first one ({) is the case where 
fs tyy Sikisy) Bhd Sibker Cea =O st ap — 0) ton = Osh OO ee = Ot Ole (is <0 
0), (fea > O,fyy = 0), (fea < 0,fyy > 0), or (fea > 0, fy, < 0). The second one ({) is where 
fra «fyy = 0. Find out what happen in these cases, and thus complete the missing lines of logic in 
Procedure 1. 
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Definition 4 gives the meaning of derivative and differential. Example 1 looks at the derivative 
and differential of functions of one variable and two variables. 
Definition 4. By derivative ou we mean an infinitesimally small change in y with respect to 
an infinitesimally small change in x. By differential dy and dz we mean an infinitesimally small 
change in the values of y and respectively x. 
8 
Example 1. For a function of one variable y = f(x), the total derivative is 
dy 
da 


dy 
dy =| —]d 
(ir) 7 
For a function of two variables z = f(z, y) partial derivatives are, the first-order partial derivatives 


Oz 4g Be 
an Oy 


and the differential of y is 


and the second-order partial derivatives 
O72 Or z oO? q Or z 
=z =z = Zz, and —— =z 
Ox? “Oy? YW OyOx ve OxOy oe 


The total differential of z is ee 8 
dz = (+) da + (=) dy 


and for small changes which are not infinitesimal, dz becomes Ax and the incremental change 


formula is Bi ai 
Azx|{=—]A —|A 
re (Ge) e+ (oy) 8 
Definition 5 gives the general production function. In Example 2 we look at the Cobb-Douglas 


production function in more details. Theorem 5 gives the law of diminishing returns to labour 
and the proof thereof, while similarly does Theorem 6 the law of diminishing returns to capital. 


Definition 5. The general production function is q = f(l, k), where q is output of the production, 
! labour and & capital. The Cobb-Douglas production function in its general form is 


q = al®k? (1) 
where a is a constant and0<a<1,0<8<1,l>Oandk>0. 


Example 2. With the Cobb-Douglas production function, the marginal product of labour is, 


0 
Pim =U = SI = aal?1kF (2) 


and the marginal product of capital 
Oq a AS: 
Pim = dk = se = aBl?ne (3) 
From this we see that pim > 0 and prem > 0. 


Theorem 5. From the Cobb-Douglas production function we have the law of diminishing returns 
to labour, which states that q), < 0. 


Proof. From Equation 1 in Definition 5, 
Pq 9 (dq\ _ Am aq 
a= 5H 5 (Gt) = eee 
Since 0 < a < 1, therefore qy < 0. q 
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Theorem 6. Using the Cobb-Douglas production function, the law of diminishing returns to 
capital states that qpp < 0. 


Proof. From Equation 1 in Definition 5, 


akk ~ OR ~ Ok \ Ok Ok ke 
which, with 0 < 6 <1, tells us that qxup < 0. q 


In Example 3 we see the changes in marginal product values. 


Example 3. Using the Cobb-Douglas production function, 
dk = Gk = aaBle—" ke} 


Therefore, qj, > 0 and qz; > 0. In other words, p;,, increases as capital input k increases, and 
respectively Pym increases as labour input / increases. 


Example 4 shows us the average functions of labour and capital, Example 5 the marginal 
functions of labour and capital, and Example 6 the comparison between marginal and average 
functions. 


Example 4. For the Cobb-Douglas production function in Equation 1 the average product of 
labour is 
Pta = 7 = al*1KP (4) 


and the average product of capital is 
Pha = 7 = alk} (5) 


Example 5. Again using the Cobb-Douglas production function of Equation 1, the marginal 
product of labour is 


3) 
Pim = Sp = aad 1K! (6) 


and the marginal product of capital is 


0 
Pkm = AL = apleke (7) 


Example 6. From the APL equation, Equation 4, and the MPL equation, Equation 6, and since 
0<a <1, therefore pj < pig. Similarly from the APK equation, Equation 5, and the MPK 
equation, Equation 7, since 0 < 6 < 1, we have pmm < Pra- 


In Example 7 one sees the conditions for using labour, Equation 8, and the conditions for 
using capital, Equation 9. 


Example 7. A producer likes to have a positive marginal function, which means that the 

productivity increases as the input increases. But the second derivative is negative, which means 

that this rate of increase slows down as time goes by. In practice, the conditions for using labour 
are, 

09 Sg Aim _ "4 

BNA Agiee dE ~ OL 


The conditions for using capital are similarly, 


<0, and pim < Pla (8) 


_ Og dpm _ 0°4 
Pkm = ak > 0, dk = ake < 0, and prem < DPka (9) 


Definition 6 and Theorem 7 deal respectively with production function graphs and slope of 
an isoquant. 


Business Maths, Calculus of multivariable functions—4—From 20 Oct 05, as of 18°” November, 2005 


Department of Mathematics, Mahidol University Kit Tyabandha, PhD 


Definition 6. An isoquant is a graph in two dimensions, k = f(l), plotted to represent a 
production function q = f(l,k). The slope ok is called the marginal rate of technical substitution. 


The value of this slope at (Io, ko) is denoted by 4# ata 
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Theorem 7. The slope of an isoquant is the ratio of the marginal products. 


Proof. The total differential of g = f(l,k) is 


a a 
a= (3) di + ($4) dk 


Along any isoquant, dq = 0, therefore, 


O= (3) di + ($4) dk (10) 


This directly yield, after some manipulation, 


Definition 7. In the Cobb-Douglas production function equation, Equation 1, let both inputs 
! and & change by the same proportion, and let X be the constant of this proportionality. Then 
q2 = a(Al)°(Ak)®, which leads to qg = A°+8qy. When a+ 8 = 1, the case is described as constant 
returns to scale, when a+ 8 < 1 as decreasing returns to scale, and when a+ 6 > 1 as increasing 
returns to scale. 
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Definition 8. A homogeneous Cobb-Douglas production function of order r is, 
f(AL, AK) = ATE, &) 
where r = (a, £). 


8 


The utility function in its general form is given in Definition 9. Definition 10 gives the Cobb- 
Douglas utility function, Definition 11 the marginal utility, and Definition 12 the meaning of 
indifference curves. 


Definition 9. A utility function expresses utility as a function of goods consumed. In its general 
form this is, 


u = f(x,y) 


where x and y are the quantities of goods X and respectively Y consumed. 
Definition 10. The Cobb-Douglas utility function is in its general form, 
u=ax%y 


where a is a constant, and0O<a<1,0<6<1l,x>Oandy>0. 


Definition 11. The marginal utility for a utility function with one variable, u = f(x), is $4 = 
Uz = Urm. The marginal utility for a utility function with two variables, u = f(x,y), is gu =e = 
Ugm and oe = Uy = Uym:- 


8 
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Definition 12. The indifference curve is a graph y = f(a) drawn to represent a utility function 
u = f(z,y). Its slope dy is called the marginal rate of substitution. Setting the total differential 


equal to zero, 
Ou Ou 
0 u (Fe) an + (52) y 


we find 
dy Ux 
dx Uy 
and 
dy Uzm 
dx Uym 
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Partial elasticities are describe in Definition 13, partial elasticities of demand, and Example’s 
8 and 9, respectively the partial elasticity with respect to labour and the partial elasticity with 
respect to capital. 


Definition 13. Let a demand function be 


da = f(pa, Y, Pb) (11) 


where qq is the quantity demanded of good a, pq the price of a, y consumer’s income, and py, the 
price of another good b. Then, the price elasticity of demand is, 


he 04a Pa 
OVa Ia 
The income elasticity of demand is, 
eee 
OY a 
And the cross-price elasticity of demand is, 
e, = Ode Be 
Ob da 


8 


Example 8. With the demand function as in Equation 11, the partial elasticity with respect to 
labour is, 


Oq | 
Egql ad al q 
And from Equation’s 6 and 4, this leads to, 
au Plm 
ae 
2 Pla 


For the Cobb-Douglas production function, Equation 1, then éq = a. 
8 


Example 9. Again, with the demand function as in Equation 11, the partial elasticity with 
respect to capital is, 


Oq k 
Egk Ok ae 
Then, from Equation’s 7 and 5, 
Pkm 
E — 
a Pka 


For the Cobb-Douglas production function, Equation 1, we have €4, = . 
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